Abstract. Let G be a simple graph and I(G) be its edge ideal. In this article, we study the Castelnuovo-Mumford regularity of symbolic powers of edge ideals of join of graphs. As a consequence, we prove Minh's conjecture for wheel graphs, complete multipartite graphs and a subclass of co-chordal graphs. We obtain a class of graphs of regularity 3. By constructing graphs, we prove that multiplicity of an edge ideal is independent with depth, dimension, regularity and degree of h-polynomial. Also, we prove that depth of an edge ideal is independent with regularity and degree of h-polynomial, by constructing graphs.
Introduction
Let G be a simple graph on the vertex set V (G) = {x 1 , . . . , x n } and edge set E(G). Set S = k[x 1 , . . . , x n ], where k is an arbitrary field. The edge ideal of G, denoted by I(G), is defined by I(G) = (x i x j : {x i , x j } ∈ E(G)). From the last decade, various authors established connections between the combinatorial properties of G with algebraic properties of I(G). The s-th symbolic power of I(G) is defined as follows:
The regularity of I(G) is defined by reg(I(G)) = max{j : Tor S i (I(G), k) i+j = 0}. Minh stated the following conjecture for the regularity of symbolic power of edge ideal, see [6] : bipartite graphs. In [15] and [16] Fakhari studied the conjecture for chordal graphs and unicyclic graphs. In [14] , the author studied the regularity of I (G) s , where G is the join of graphs. In this article we study the regularity of I(G) (s) , where G is the join of graphs. As a consequence, we prove the conjecture for some classes of graphs, for example wheel graphs, complete multipartite graphs and a subclass of co-chordal graphs.
In [10] , Hibi et al. studied the relation between regularity, degree of h-polynomial and number of vertices. For a given pair of positive integers (r, s), they constructed a graph whose edge ideal has regularity r and degree of h-polynomial s. In and r = reg(S/I(G)). In [4] , the authors characterize the bipartite graphs whose edge ideal has regularity 3. In this article, we obtain a class of graphs G with reg(I(G)) = 3.
Moreover, for a given pair of positive integers (r, d) with r ≤ d, we construct a graph G such that reg(S/I(G)) = r and dim(S/I(G)) = d. Also we prove that for edge ideal the multiplicity has no relation with dimension, depth, regularity and degree of h-polynomial.
It is known that the depth and degree of h-polynomial for a squarefree monomial ideals are bounded by the dimension. We prove that for an edge ideal the depth is independent from the degree of h-polynomial and regularity.
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Preliminaries
In this section, we collect all the notation and definitions which are used through out this article. For undefined terminology, we refer the book [8] by Herzog and Hibi.
2.1. Combinatorics. Let G be a simple graph on the vertex set V (G) and the edge set
{i, j} ∈ E(H) if and only if {i, j} ∈ E(G).
b) The complement of a graph G, denoted by G c , is the graph on the vertex set V (G) and edge set {{i, j} : {i, j} / ∈ E(G)}. 
f) An element of ∆ is called a face and a maximal face with respect to inclusion is called a facet.
g) The dimension of a simplicial complex is defined as dim(∆) = max{|F | − 1 : F is a facet in ∆}. h) Let G and H be graphs on vertex sets V (G) = {x 1 , . . . , x m } and V (H) = {y 1 , . . . , y n }, respectively. Then the join of G and H, denoted by G * H, is a graph on the vertex set
The below graph is join of a vertex and cycle C 5 . 
a) The polynomial h 0 + h 1 t + · · · + h s t s , denoted by h S/I (t), is called the h-polynomial of
b) The multiplicity of S/I, denoted by e(S/I), is h S/I (1).
Regularity of symbolic powers of join of graphs
In this section, we study the regularity of symbolic powers of join of graphs. First, we prove a technical lemma which is useful to prove our main result of this section. 
(S/K) j = 0}. It is easy to see that (S/K) j = 0 for all j ≥ 2s − 1, we have reg(K) ≤ 2s − 1. Since I and J are squarefree monomial ideals, x s−1
is a nonzero element and the assertion follows.
We now fix some notation which are used through out this section. For 1 ≤ i ≤ r, set
. . , G r be graphs on the vertex sets X 1 , . . . , X r , respectively.
Proof. We prove the assertion by induction on r. If r = 2, then consider the following exact
It follows from [7, Proposition 4.10] that reg(
. By virtue of Lemma 3.1,
)}, and hence it follows from the regularity behavior on short exact sequences that
. Now, the assertion follows from [7, Proposition 4.10] . Assume that r > 2 and let
Hence the result follows from induction hypothesis and the base case.
In [14] , the author defined following classes of graphs:
and We study the regularity of symbolic power of join of graphs which belong to the class A ∩A 1 .
There are many classes of graphs which are contained in A ∩ A 1 . For example, co-chordal graphs, unmixed bipartite, bipartite P 6 -free graphs, forest graphs are contained in A ∩ A 1 , for more details see [14] .
Proof. Since, for 1 ≤ i ≤ r, G i ∈ A 1 and G i 's are bipartite, we have
Therefore, by virtue of Theorem 3.2, we get reg
Now, assume that each G i ∈ A. By [14, Remark 4.10], reg I(G) (s) = reg (I(G) s ) which completes the proof.
In [14] , the author studied the regularity of powers of edge ideals of wheel graphs. In the following corollary, we prove Minh's conjecture for wheel graphs.
Corollary 3.4. Let G = W n be a wheel graph for n ≥ 4. Then
Proof. Since G = W n is a join of a vertex v and a cycle graph C n , by Theorem 3.2, we have 
Construction of Graphs
In this section, we construct graphs with different pair of algebraic invariants. Let G and H be graphs on vertex sets V (G) = {x 1 , . . . , x m } and V (H) = {y 1 , . . . , y n }, respectively.
One can see that if C is a minimal vertex cover of G * H, then either C = A ∪ V (H) or C = V (G)∪B, where A and B are minimal vertex cover of G and H, respectively. Therefore, we have the following short exact sequence 
e(S/I(H)) if m + ht(I(H)) < n + ht(I(G)).
Proof. For a graph G, it is well known that minimal primes of I(G) corresponds to minimal vertex covers of G.
Note that if p ∈ Minh(I(G * H)), then either p = p 1 + m 2 or p = p 2 + m 1 , where p 1 ∈ Minh(I(G)) and p 2 ∈ Minh(I(G)). Thus, we get
|Minh(I(G))| + |Minh(I(H))| if m + ht(I(H)) = n + ht(I(G))
|Minh(I(G))| if m + ht(I(H)) > n + ht(I(G))
|Minh(I(H))| if m + ht(I(H)) < n + ht(I(G)).
Hence, the assertion follows. Now, we prove the algebraic properties of join of graphs which are used in the rest of the section.
Proof. Using above result, one can see that e(S/I(K n )) = n, and using (1), depth(S/I(K n )) = 1.
Notation 4.3. Let K n be the complete graph on the vertex set {x 1 , . . . , x n }. Then, for 1 ≤ r ≤ n, we define a graph W (n, r) on the vertex set {x 1 , . . . , x n , y 1 , . . . , y r } with edge set E(K n ) ∪ {{x i , y i } : 1 ≤ i ≤ r}. The graph shown in the figure is W (5, 3) . Now, we study the algebraic invariants of W (n, r). (ii) We proceed by induction on n. Consider the following short exact sequence
Note that I(G) : x 1 = x 2 , . . . , x n , y 1 and I(G), x 1 = I(W (n − 1, r − 1)), x 1 . Since, I(G) : x 1 is generated by a regular sequence of length n, pd(S/(I(G) : x 1 )) = n and depth(S/(I(G) : x 1 )) = r. Observe that y 1 is a regular element on S/ I(G), x 1 . Thus, by induction, depth(S/ I(G) + x 1 ) = r. Now, by applying the depth lemma on the short exact sequence (2), we have depth(S/I(G)) = r.
(iii) We use induction on n. Let A be a minimal vertex cover of G. Then |A∩{x 1 , . . . , x n }| ≥ n − 1. Also, {x 1 , . . . , x n−1 } is a minimal vertex cover of G. Therefore, ht(I(G)) = n − 1 and hence dim(S/I(G)) = r + 1. From the proof of (ii), we have dim(S/ I(G) : x 1 ) = r and dim(S/ I(G), x 1 ) = r + 1. Thus, by short exact sequence (2), e(S/I(G)) = e(S/ I(G), x 1 ).
Hence, the assertion follows by induction.
Now we give an upper bound for the regularity of squarefree monomial ideals. It is known result but for sake of completeness we are proving it. 
Let reg(S/I(G)) = r. Then there exists i, j such that j − i = r and β i,j (S/I(G)) = 0.
and hence, r ≤ d.
As a consequence, we have the following:
Corollary 4.6. Let G be a triangle free graph which is not a forest. Then reg(S/I(G c )) = 2.
Proof. It is well known fact that dim(S/I(G c )) is the maximum size of maximal independent set of G c which is equal to maximum size of maximal clique in G. Since, G is triangle free, Let F n denote the bipartite graph on the vertex set {x 1 , . . . , x n , y 1 , . . . , y n } with edge Note that {x 2i : 1 ≤ i ≤ n} is a minimal vertex cover of both P 2n and P 2n+1 . Therefore, ht(I(P 2n )) ≤ n and ht(I(P 2n+1 )) ≤ n. Now, if possible, let A is a minimal vertex cover of P 2n such that |A| < n. Then it is easy to see that |{e : e ∈ E(P 2n ) and e∩A = ∅}| ≤ 2n−2, which is a contradiction. Similarly, one can prove that ht(I(P 2n+1 )) = n. Hence, dim(S/I(P 2n )) = n and dim(S/I(P 2n+1 )) = n + 1.
Lemma 4.9. Let G = P 2n+1 be a path graph. Then e(S/I(P 2n+1 )) = 1.
Proof. We prove the assertion by induction on n. If n = 1, then P 3 has only one minimal vertex cover of minimal size. Hence, e(S/I(P 3 )) = 1. Assume that n > 1 and e(S/I(P 2n−1 )) = 1. Now, consider the following short exact sequence,
Note that I(P 2n+1 ) : x 2n+1 = I(P 2n−1 ), x 2n . Observe that dim(S/ I(P 2n ), x 2n+1 ) = n, dim(S/(I(P 2n+1 ) : x 2n+1 )) = n + 1 and dim(S/I(P 2n+1 )) = n + 1. Hence, e(S/I(P 2n+1 )) = e(S/ I(P 2n−1 ), x 2n ) = 1. Therefore, e(S/I(G)) = 1 implies that dim(S/I(G)) ≥ 2.
We now prove that for an edge ideal multiplicity is not bounded by algebraic invariants such as regularity, depth, dimension and degree of h-polynomial. In fact, we construct graphs with fixed multiplicity and one of the other invariants. i) There exists a graph G with e(S/I(G)) = e and reg(S/I(G)) = r.
ii) There exists a graph G with e(S/I(G)) = e and deg(h S/I(G) (t)) = s, provided e · s ≥ 2.
iii) There exists a graph G with e(S/I(G)) = e and depth(S/I(G)) = δ.
iv) There exists a graph G with e(S/I(G)) = e and dim(S/I(
Observe that, by Proposition 4.2, regularity and dimension remain same under self join operation but multiplicity increases. This observation is the key idea for the proof of (ii) and (iv): For d = s = 1, take G = K e . Now, we assume that s ≥ 2 and d ≥ 2. By short exact sequence 1, we get
where s ) ]. Take G = K * e 1,s . Using Proposition 4.2, we have
Thus, e(S/I(G)) = e and deg(h S/I(G) (t)) = s = dim(S/I(G)). (iii) For any e and δ, take G = W (e+δ, δ). Then it follows from Theorem 4.4 we get e(S/I(G)) = e and depth(S/I(G)) = δ.
This completes the proof. Now, we give an upper bound for the multiplicity in terms of cover number. Proof. Since I is a squarefree quadratic monomial ideal, by Taylor resolution, we know that β S i,j (S/I) = 0 for all j > 2i. Hence, using [2, Theorem 4.6], we get the result.
We now prove that for an edge ideal depth is incomparable with regularity and degree of hpolynomial. Indeed we construct graphs whose edge ideal has depth δ and regularity r. Also we show the existence of a graph whose edge ideal has depth δ and degree of h-polynomial s. i) There exists a graph G such that depth(S/I(G)) = δ and reg(S/I(G)) = r.
ii) There exists a graph G such that depth(S/I(G)) = δ and deg(h S/I(G) (t)) = s. Case II. For 2 ≤ δ ≤ r, take G to be the union of P * 2 3(r−δ+1) and δ − 1 disjoint edges. Then we get depth(S/I(G)) = δ and reg(S/I(G)) = r.
